The modular Hamiltonian of reduced states, given essentially by the logarithm of the reduced density matrix, plays an important role within the AdS/CFT correspondence in view of its relation to quantum information. In particular, it is an essential ingredient for quantum information measures of distances between states, such as the relative entropy and the Fisher information metric. However, the modular Hamiltonian is known explicitly only for a few examples. For a family of states ρ λ that is parametrized by a scalar λ, the first order contribution inλ = λ−λ 0 of the modular Hamiltonian to the relative entropy between ρ λ and a reference state ρ λ 0 is completely determined by the entanglement entropy, via the first law of entanglement. For several examples, e.g. for ball-shaped regions in the ground state of CFTs, higher order contributions are known to vanish. In these cases the modular Hamiltonian contributes to the Fisher information metric in a trivial way. We investigate under which conditions the modular Hamiltonian provides a non-trivial contribution to the Fisher information metric, i.e. when the contribution of the modular Hamiltonian to the relative entropy is of higher order inλ. We consider one-parameter families of reduced states on two entangling regions that form an entanglement plateau, i.e. the entanglement entropies of the two regions saturate the Araki-Lieb inequality. We show that in general, at least one of the relative entropies of the two entangling regions is expected to involveλ contributions of higher order from the modular Hamiltonian. Furthermore, we consider the implications of this observation for prominent AdS/CFT examples that form entanglement plateaux in the large N limit. These examples include black strings with two sufficiently close intervals, which we then generalize to an arbitrary number of intervals. Moreover, we consider black branes with a spherical shell, as well as BTZ black holes with large entangling intervals.
Introduction
One aspect of the AdS/CFT correspondence that caught significant attention recently is its relation to quantum information (QI). The most prominent discovery in this field is the seminal Ryu-Takayanagi (RT) formula [1] ,
It relates the entanglement entropy S of an entangling region A on the CFT side to the area of a minimal bulk surface γ A in the large N limit. γ A is referred to as RT surface and G N is Newton's constant. Starting from the RT formula, major progress was made in understanding the QI aspects of the field theory side by studying the bulk. Further prominent examples for gravity dual realizations of quantities relevant for QI are quantum error correcting codes [2] , the Fisher information metric (FIM) [3, 4] and complexity [5] [6] [7] . In particular, subregion complexity was proposed to be related to the volume enclosed by RT surfaces [8] . This volume was recently related to a field-theory expression in [9, 10] .
In this paper we focus on the modular Hamiltonian H for general QFTs, which is defined by ρ = e −H tr(e −H ) (1.2) for a given state ρ. 1 The modular Hamiltonian plays an important role for QI measures such as the relative entropy (RE) (see e.g. [11] [12] [13] [14] ) or the FIM and was studied comprehensively by many authors, for instance in [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Many interesting aspects of the modular Hamiltonian were investigated, such as a quantum version of the Bekenstein bound [25, 26] or a topological condition under which the modular Hamiltonian of a 2d CFT can be written as a local integral over the energy momentum tensor multiplied by a local weight [27] . However, the modular Hamiltonian is known explicitly only for a few examples, such as for the reduced CFT ground state on a ball-shaped entangling region in any dimension (see e.g. [28] ) or for reduced thermal states on an interval for a 1 + 1 dimensional CFT (see e.g. [29, 30] ). This paper is devoted to determining further properties of the modular Hamiltonian as given by (1.2) , in particular in connection with an external variable λ parametrizing the density matrix ρ λ . This parameter may be related to the energy density or the temperature of the state, for instance, as we do in the examples considered below. We obtain new results on the parameter dependence of ∆ H 0 (A, λ) = tr(ρ , respectively. In particular for holographic theories, where the entanglement entropy is given by the RT formula (1.1), ∆ H 0 is the term that makes it difficult to compute the RE and the FIM. From (1.6) we see however that ∆ H 0 does not affect G λλ if it has at most linear contributions in λ. So in these situations an explicit expression for ∆ H 0 is not required to compute G λλ . We investigate the case when ∆ H 0 contributes to the FIM in a non-trivial way, i.e. when higher order λ contributions are present in ∆ H 0 . Since
from now on we refer to higher order contributions inλ = λ − λ 0 instead of λ. 1 We use the terms density matrix and states interchangeably.
We examine theλ dependence of ∆ H 0 by considering the RE, which is a valuable quantity for studying the modular Hamiltonian [25, 26, 31, 32] . For instance, the RE is known to be non-negative and to vanish iff ρ A λ = ρ A λ 0
, which implies the first law of entanglement [31] ,
We see that even though the modular Hamiltonian H 0 is not known in general, we may use the the non-negativity of S rel to determine the leading order contribution of ∆ H 0 inλ,
For some configurations, such as thermal states dual to black string geometries with the energy density as parameter λ and an arbitrary interval as entangling region A [29, 30] , the higher-order contributions inλ are known to vanish 2 , i.e.
(1.10)
Consequently, ∆ H 0 is completely determined by entanglement entropies, and in particular only contributes trivially to the FIM, as discussed above. However, in general higher-order contributions inλ will be present.
In this paper we introduce a further application of the RE that allows us to determine under which conditions higher-order contributions inλ to ∆ H 0 are to be expected for families of states that form so-called entanglement plateaux. The term entanglement plateau was first introduced in [33] and refers to entangling regions A, B that saturate the ArakiLieb inequality (ALI) [34] |S(A) − S(B)| ≤ S(AB) .
(1.11)
We focus on entanglement plateaux that are stable under variations of A and B that keep AB fixed. To be more precise, we consider two families A σ and B σ of entangling regions that come with a continuous parameter σ determining their size, where A σ 2 ⊂ A σ 1 if σ 1 < σ 2 and A σ B σ = Σ = const. (see Figure 1) , and saturate the ALI, i.e.
|S(A
(1.12)
We show that the only way how both ∆ H 0 (A σ , λ) and
. The proof of this statement is a simple application of the well-known monotonicity [35] of the RE, 13) and holds for any quantum system, not just for those with a holographic dual. We thus find that in the setup described above, it suffices to look at the entanglement entropies to see when higher-order contributions ofλ may be expected in at least one of the ∆ H 0 Figure 1 . The families of entangling regions A σ and B σ . We consider two families of entangling regions A σ (red) and B σ (blue) with A σ2 ⊂ A σ1 for σ 1 < σ 2 and A σ B σ = Σ = const. In particular, this implies B σ1 ⊂ B σ2 .
In particular if one of the ∆ H 0 , say ∆ H 0 (B σ , λ), is known to be linear for all σ ∈ [ξ, η], we learn that ∆ H 0 (A σ , λ) is not. Consequently, it is not sufficient to work with entanglement entropies to determine ∆ H 0 (A σ , λ) via (1.10), but more involved calculations are required. As a result this means that the RE is not just given by entanglement entropies.
Our result for entanglement plateaux has important consequences in particular for holographic theories. There are many well-known configurations in holography that form entanglement plateaux in the large N limit. Prominent examples -which we discuss in this paper -are large intervals for the BTZ back hole [31, 33, 36] and two sufficiently close intervals for black strings [37] . For these situations, very little is known about ∆ H 0 , 3 however our result can be used to prove that non-linearλ contributions play a role in the ∆ H 0 occurring in these models. For the situation of two intervals described above, this may be used to show that the modular Hamiltonian is not an integral over the energy momentum tensor multiplied by a local scaling, as it is the case for one interval. This paper is structured as follows. In Section 2 we consider the special case of black strings as a motivation and to introduce the basic arguments required to verify our result, which we prove in Section 3 in its full generality. We then present several situations where the result can be applied in Section 4. These include an arbitrary number of intervals for thermal states dual to black strings, a spherical shell for states dual to black branes, a sufficiently large entangling interval for states dual to BTZ black holes and primary excitations in a CFT with large central charge, defined on a circle. Furthermore, we discuss examples where the prerequisites of our result are not satisfied in Section 4.5. Finally we make some concluding remarks in Section 5. 
A Simple Example: Black Strings
Our result for modular Hamiltonians, as described in the introduction and proved below in Section 3, may be applied to a vast variety of situations. As an illustration, we begin by a simple example that introduces the basic arguments for our result and demonstrates its usefulness. This example involves thermal CFT states in 1 + 1 dimensions of inverse temperature β with black strings as gravity duals,
where z = z h is the location of the black string and L is the AdS radius. The asymptotic boundary, where the CFT is defined, lies at z = 0. The energy density
where c = 3L 2G N is the central charge of the CFT, is chosen as the parameter for this family of states. The reference state may be chosen to correspond to any energy density λ 0 .
We now demonstrate how the RE can be used to show that ∆ H 0 , as defined in (1.3), for a state living on two separated intervals is in general not linear inλ = λ − λ 0 if the two intervals are sufficiently close. The arguments that lead to this conclusion will be generalized in Section 3 below.
Consider an entangling region A σ that consists of two intervals
, with σ > 0 and a 1 , a 2 fixed (see Figure 2 ). The interval B σ = [−σ, σ] between A 1 σ and A 2 σ is w.l.o.g. assumed to lie symmetric around the coordinate origin x = 0. If σ is sufficiently small 4 , the RT surface γ Aσ of A σ is the union of γ Bσ and γ Σ (see Figure 2) ,
is the union of A σ and B σ . Consequently, the entanglement entropy of A σ saturates the ALI [37] , i.e.
which is an immediate consequence of the RT formula (1.1). For thermal states in general CFTs defined on the real axis, the modular Hamiltonian H 0 (B σ ) of B σ for the reference parameter value λ 0 is given by [29, 30] 
where T µν is the energy momentum tensor of the CFT and β 0 = β(λ 0 ). Thus, using (1.3), we find
to be linear inλ. Here, the refers to a derivative w.r.t. λ. The second equality is an immediate consequence of the first law of entanglement, i.e. (1.9), however may also be verified by a direct calculation using [1, 40] 
where is a UV cutoff. The two simple observations (2.3) and (2.5) together with the monotonicity of the RE (1.13) are sufficient to verify that ∆ H 0 (A σ , λ) is not linear inλ, except for possibly one particular σ, as we now show. Let us assume that ∆ H 0 (A σ , λ) is linear inλ for a given σ. The first law of entanglement (1.9) implies
Applying this result to S rel (A σ , λ) and using (2.3) and (2.5), we obtain
Using (2.2), (2.5) and (2.6), S rel (B σ , λ) may be brought into the form
where a = 2πσ/β 0 and b = β 0 /β. For fixed b, S rel (B σ , λ) grows with a (see Figure 3 ), which implies that S rel (B σ , λ) grows with σ for fixed β and β 0 , or equivalently for fixed λ and λ 0 (see (2.2)). Since S rel (B σ , λ) is the only σ-dependent term on the RHS of (2.8), S rel (A σ , λ) grows with σ as well. Now assume there were two values ξ, η for σ, where we set w.lo.g. ξ < η, for which ∆ H 0 (A σ , λ) is linear inλ. From the above discussion we conclude In particular, this implies that S rel (B σ , λ) grows with B σ , i.e. σ, for fixed λ and λ 0 , which is in agreement with the monotonicity of the RE (1.13). For b = 1 we find S rel (B σ , λ) = 0, which is to be expected from (1.5), since this case corresponds to λ = λ 0 .
However, the monotonicity of the RE (1.13) implies that S rel (A η , λ) must be smaller than
to be linear inλ for more than one value of σ, we encounter a contradiction. Consequently, ∆ H 0 (A σ , λ) may be linear inλ for at most one particular σ.
This simple example shows that even though the modular Hamiltonian for two disconnected intervals is unknown, general properties of the RE imply that the modular Hamiltonian necessarily involves contributions of higher order inλ. An immediate consequence of this observation is that the modular Hamiltonian for two intervals, unlike for one interval (2.4), can not be of the simple form
where f µν is a local weight function, since this would lead to a ∆ H 0 (A σ , λ) that is linear inλ.
Note that since S rel (B σ , λ) is known, we are not required to consider ∂ 2 λ S, i.e. the quantity discussed below (1.13) in the introduction. We were able to deduce the nonlinearity of ∆ H 0 (A σ , λ) directly from S rel (B σ , λ) (see (2.8) ). In the more general cases discussed in Section 3, where S rel (B σ , λ) is not known, this is no longer possible.
Generic Entanglement Plateaux
We now generalize the approach introduced in Section 2 and show how the RE determines whether non-linear contributions to ∆ H 0 inλ are to be expected. Note that we do not require λ to be the energy density, it is just the variable that parametrizes the family of states ρ λ we consider.
The discussion in Section 2 required the saturation of the ALI (1.11), which allowed us to show that if ∆ H 0 were linear inλ, the RE would increase when the size of the considered entangling region (i.e. two intervals) decreases. However, due to the monotonicity of the RE (1.13) this is not possible.
By looking at (2.8), we see that this contradiction does not require the explicit expressions for the (relative) entropies: If S rel (B σ , λ) grows with B σ for fixed Σ, S rel (A σ , λ) grows as well. However, this is not compatible with the monotonicity of S rel , since A σ = Σ\B σ decreases if B σ increases. This fact allows us to generalize the arguments of Section 2 to generic entanglement plateaux, i.e. systems that saturate the ALI.
Result for Generic Entanglement Plateaux
In the general case, the prerequisites for our main statement are as follows. We consider a one-parameter family of states ρ λ . Let Σ be an entangling region and A σ ⊆ Σ a oneparameter family of decreasing subregions of Σ, i.e. A σ 2 ⊂ A σ 1 for σ 1 < σ 2 , where the parameter σ is assumed to be continuous. Furthermore, let B σ = Σ\A σ be the complement of A σ w.r.t. Σ (see Figure 1) . Moreover, the ALI (1.11) is assumed to be saturated for A σ and B σ , i.e.
Furthermore, S(A σ , λ), S(B σ , λ) and S(Σ, λ) are considered to be differentiable in λ for all σ.
Subject to these prerequisites, we now state our main result. If both ∆ H 0 (A σ , λ) and
We prove this statement as follows. As we discuss in the appendix, w.l.o.g. we may restrict our arguments to the case S(A σ , λ) ≥ S(B σ , λ). Assume that for all σ ∈ [ξ, η], both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ. Then, as explained in the introduction (see (1.10)), we find
where again refers to a derivative w.r.t. λ. This implies together with (1.5) and (3.1)
Due to the monotonicity (1.13) of S rel we find
since B ξ ⊂ B η . Using (3.3), this implies
By construction we have A η ⊂ A ξ . So the only way how (3.5) may be compatible with the monotonicity of S rel is if S rel (A σ , λ) is constant in σ for σ ∈ [ξ, η]. Thus by using (1.5) and (3.2), we find
Due to (3.3) the fact that S rel (A σ , λ) is constant in σ for σ ∈ [ξ, η] implies that S rel (B σ , λ) is as well. In an analogous way as for A σ , we find ∂ 2 λ S(B σ , λ) to be constant in σ on [ξ, η]. This completes the proof of the general result stated at the beginning of this section.
Discussion for Generic Entanglement Plateaux
In Section 3.1 we presented our result for a generic situation where the ALI is saturated. Some comments are in order.
First we note that even though we presented an example from holography in Section 2 as a motivation, we did not require holography at any point during the proof. Therefore our result is true for any quantum system. Furthermore, we required σ, i.e. the parameter of the family of entangling regions A σ , to be continuous, as can be read off the discussion in the appendix. However, if we in addition assume the sign of S(A σ , λ) − S(B σ , λ) to be constant in σ, we can apply the result to discrete systems, such as spin-chains, as well. The proof works analogously as in the continuous case discussed in Section 3.1.
In Section 3.1 we showed that ∂ 2 λ S(A σ , λ) and ∂ 2 λ S(B σ , λ) beeing constant in σ on an interval [ξ, η] is a necessary condition for both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) to be linear inλ for all σ ∈ [ξ, η]. However, this condition is not sufficient, as we now demonstrate by presenting an example where ∂ 2 λ S(A σ , λ) and ∂ 2 λ S(B σ , λ) are constant in σ but both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are not linear inλ.
We consider a free massless boson CFT in two dimensions defined on a circle with radius CF T . The family of states is chosen to consist of exited states of the form
where Φ is the boson field and |0 is the vacuum state. We use their conformal dimension (λ, 0) to parametrize these states. For the sake of this paper we assume the conformal dimension λ to be a continuous parameter 5 . We define A σ to be an interval of angular size 2(π − σ) and B σ = A c σ to be the complementary interval of angular size 2σ. Consequently, Σ = A σ B σ is the entire circle and the fact that |λ is pure implies S(Σ, λ) = 0 and S(A σ , λ) = S(B σ , λ), and therefore the saturation of the ALI (1.11). The reference state |λ 0 can be chosen arbitrarily. This setup was discussed in [17] , where the RE was found to be
The author of [17] states that the entanglement entropies of A σ and B σ are constant in λ. Therefore, by applying (1.5) to (3.8) and (3.9) we find
Obviously, both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are not linear inλ = λ − λ 0 . However, since the entanglement entropy is constant in λ, we find ∂ 2 λ S = 0 for A σ and B σ , and therefore that ∂ 2 λ S is constant in σ for A σ and B σ . Thus we see that ∂ 2 λ S being constant in σ does not imply that both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ. Therefore it is a necessary but not a sufficient condition.
The proof of our result presented in Section 3.1 strongly relies on the first law of entanglement (1.8). We need to emphasize that the first law of entanglement only applies if the reference state corresponds to a parameter value λ 0 that is not a boundary point of the set of allowed parameter values λ. The fact that the first law of entanglement holds is a consequence of the non-negativity of S rel (A, λ) and S rel (A, λ 0 ) = 0. These two properties imply that S rel is minimal at λ = λ 0 and therefore we find
Using (1.5) it is easy to see that (3.12) is equivalent to the first law of entanglement. However, if λ 0 is a boundary point of the set of allowed λ, i.e. if it is not possible to choose λ < λ 0 for instance, the minimality of S rel (A, λ 0 ) does not necessarily imply ∂ λ S rel (A, λ)| λ=λ 0 to vanish. The free massless boson CFT we discuss above is an example for such a situation. Here the parameter λ is the conformal dimension of the considered states and is therefore non-negative. By choosing the reference state to be the vacuum, i.e. λ 0 = 0, (3.8) gives 13) and therefore ∂ λ S rel (A σ , λ)| λ=λ 0 = 0. Consequently, the first law of entanglement does not hold for this example. Even though it has the expected properties according to our prediction, i.e. both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ and ∂ 2 λ S(A σ , λ) and ∂ 2 λ S(B σ , λ) are constant in σ (see (3.10), (3.11) for λ 0 = 0), the prerequisites of our result are not satisfied if the first law of entanglement does not hold.
We only considered one-parameter families of states in Section 3.1. However, our result can be straightforwardly generalized to an n-parameter family of states ρ Λ with Λ = (λ 1 , ..., λ n ). The reference state corresponds to Λ = Λ 0 = (λ 1 0 , ..., λ n 0 ). In an analogous way as for the one-parameter case we can show that the only way how both ∆ H 0 (A σ , Λ) and ∆ H 0 (B σ , Λ) can be linear in Λ − Λ 0 , i.e. of the form 6
where
Alternative Formulation
For the examples we discuss in Section 4, it is more convenient to use the following alternative formulation of our result: Consider the assumptions necessary for the result to be satisfied (see Section 3.1). If In the original formulation, the linearity of ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) inλ implies that the second derivative of the entanglement entropies of A σ and B σ are constant in σ. In the alternative formulation however, non-constancy in σ of the second derivative of one of the entanglement entropies implies that in general ∆ H 0 is non-linear inλ for A σ , B σ or both. In the examples of Section 4, there are non-constant second derivatives of the entanglement entropies, and therefore the alternative formulation is more appropriate.
In the alternative formulation, the number of values for σ where both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ is undetermined. However, in Section 2, where we considered A σ to be the union of two intervals, we were able to show a stronger statement. We found that there is at most one such value for σ and moreover, that ∆ H 0 (A σ , λ) is linear inλ only for that value of σ. The arguments of Section 2 that lead to this conclusion can be generalized to the case of generic entanglement plateaux if
grows strictly monotonically with σ. In particular, if ∆ H 0 (B σ , λ) is known to be linear inλ, D rel (B σ , λ) is the RE of B σ , 7 which is the case for the setup discussed in Section 2, for instance. Just as in Section 3.1, we assume w.l.o.g. S(A σ , λ) ≥ S(B σ , λ). Under the assumption that there are two values ξ, η for σ where ∆ H 0 (A σ , λ) is linear inλ, we find, analogous to the derivation of (3.3),
Since D rel (B σ , λ) is assumed to grow strictly monotonically with σ, this implies for ξ < η
which is not possible due to the monotonicity of S rel (1.13), since A η ⊂ A ξ . Consequently, there can only be one value of σ where ∆ H 0 (A σ , λ) is linear inλ.
Applications
We now apply the general result of Section 3.1 to holographic states dual to black strings, black branes and BTZ black holes. Moreover, we apply the result to pure states, which we first discuss in full generality and then consider primary excitations of a CFT with large central charge as an example. In all these configurations entanglement plateaux can be constructed, i.e. situations where the ALI is saturated (3.1), which is the only requirement for our result.
Black Strings Revisited
First we consider once more, as in Section 2, the situation of two sufficiently close intervals for CFTs dual to black strings (2.1). The parameter λ is chosen to be the energy density (2.2). We can confirm the conclusion we made in Section 2 by applying the result of Section 3.1: Using (2.6) is easy to see that ∂ 2 λ S(B σ , λ) is not constant in σ on any interval. So the result of Section 3.1 tells us that there is no interval [ξ, η] where both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ for all σ ∈ [ξ, η]. We know that ∆ H 0 (B σ , λ) is linear inλ for all σ (see (2.5)), and therefore conclude that ∆ H 0 (A σ , λ) is not, except possibly for single values of σ.
From the discussion in Section 3.3 we are even able to conclude that there is only one such σ. This is due to the fact that D rel (B σ , λ) (3.15), which is equal to S rel (B σ , λ) here, grows strictly monotonically with σ, as pointed out in Section 2. This special value of σ corresponds to the degenerate situation where B σ vanishes and A σ becomes a single interval, i.e. σ = 0.
The discussion of two intervals can be straightforwardly generalized to the situation of A σ being the union of an arbitrary number of intervals. B σ is chosen to be an interval between two neighboring intervals that belong to A σ . If the ALI is saturated, which corresponds to a situation such as the one depicted in Figure 4 , we see in analogy to the two-interval case, that ∆ H 0 (A σ , λ) is in general not linear inλ.
Thermal States Dual to Black Branes
Consider thermal CFT states on d-dimensional Minkowski space that are dual to black branes, where the black brane is located at z = z h . Just as for black strings (see Section 2) the asymptotic boundary, where the CFT is defined, corresponds to z = 0. We choose Σ to be a ball with radius R and B σ another ball with radius σ < R with the same center as Σ.
Consequently, A σ = Σ\B σ is a spherical shell with inner radius σ and outer radius R. We choose λ to be the energy density of the considered thermal states,
The reference state is chosen to be the ground state, i.e. λ 0 = 0. If we only consider sufficiently small radii σ, such that the RT surface of A σ is given by the union of the RT surfaces of Σ and B σ for all σ, we find the ALI to be saturated for this setup (see Figure 2 for d = 2). Furthermore, we know ∆ H 0 (B σ , λ) to be linear inλ for all σ [31] ,
. Moreover, S(B σ , λ) is given, via the RT formula (1.1), by [31] 
where z(ρ) has to be chosen in such a way, that the integral on the RHS of (4.4) is minimized. To our knowledge there is no analytic, integral free expression for S(B σ , λ) for generic d. However, in [31] an expansion of ∆S(B σ , λ) in α σ d λ is presented, with α =
is not constant in σ on any interval. Since ∆ H 0 (B σ , λ) is linear inλ (4.3) for all σ, the result of Section 3.1 now tells us that ∆ H 0 (A σ , λ) may only be linear inλ for single values of σ. 9 Just as for the black string, we can even show that there is only one such σ. From (4.3) and (4.5) we conclude that S rel (B σ , λ) (1.5) is not constant in σ on any interval. The monotonicity (1.13) of the RE then implies that S rel (B σ , λ) grows strictly monotonically with σ. Since ∆ H 0 (B σ , λ) is linear inλ we find D rel (B σ , λ) = S rel (B σ , λ) (3.15) and therefore conclude that D rel (B σ , λ) grows strictly monotonically with σ. The discussion in Section 3.3 now implies that there is at most one value of σ where ∆ H 0 (A σ , λ) is linear inλ. This special σ can be found to be the degenerate case σ = 0, i.e. when B σ vanishes.
BTZ Black Hole
As a further application of the result of Section 3.1 to holography we consider thermal states dual to BTZ black hole geometries,
The horizon radius r h is given -in terms of the CFT temperature T and the radius CF T of the circle on which the CFT is defined -by
where M is the mass of the BTZ black hole.
The asymptotic boundary, where the CFT is defined, corresponds to r → ∞. For an interval A σ of sufficiently large angular size 2(π − σ), the RT surface consists of two disconnected parts: the horizon and the RT surface of A c σ = B σ , as depicted in Figure 5 . The entanglement entropy is then given by [31, 36] 
where is a UV cutoff. The first term is the thermal entropy of the state and corresponds to the black hole horizon, while the second term is the entanglement entropy of B σ . We see once more that the states on A σ and B σ saturate the ALI. As parameter λ for this family of states we choose the square of the temperature,
which corresponds to the mass M of the black hole,
(4.10)
9 By applying our result to this situation we implicitly assume the first law of entanglement (1.8) to hold.
However, as already pointed out in [31] and Section 3.2, the derivation of the first law for λ0 = 0 would require to consider negative energy densities λ < 0, which is unphysical. For the sake of this paper we assume the first law to be valid in the limit λ0 → 0, since it holds for any λ0 > 0. Figure 5 . A constant time slice of the BTZ black hole geometry (4.6). The CFT is defined on the asymptotic boundary at r → ∞. For a sufficiently large entangling region A σ (red) the RT surface γ Aσ is the union of the RT surface γ Bσ of its complement B σ (blue) and the black hole horizon. This implies (3.1).
The reference state can be chosen to correspond to any λ = λ 0 = T 2 0 . Using (4.8) it is straight forward to see that ∂ 2 λ S(A σ , λ) is not constant in σ on any interval. So, even though the explicit forms of ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) (1.3) are not known, we can use the result of Section 3.1 to conclude that in general at least one of
0 . Note that the result of Section 3.1 cannot be used to determine whether ∆ H 0 (A σ , λ), ∆ H 0 (B σ , λ) or both are non-linear inλ. However, the discussion in Section 3.3 actually allows us to show that ∆ H 0 (A σ , λ) is not linear inλ for more than one particular σ: By applying S(B σ , λ), i.e. the second term in (4.8), to (3.15) we find
The structure of the σ dependence of D rel (B σ , λ) is identical to the structure of the σ dependence of S rel (B σ , λ) that was derived in Section 2 for two intervals (see (2.8) and (2.9)). So in an analogous way to the discussion in Section 2, we find that D rel (B σ , λ) grows strictly monotonically with σ. Consequently, ∆ H 0 (A σ , λ) is not linear inλ except for possibly one particular σ.
Pure States: Primary Excitations in CFTs with Large Central Charge
It is also possible to apply the result of Section 3.1 to a one-parameter family of pure states. Consider ρ λ to be such a family and Σ to be the entire constant time slice, i.e. B σ = A c σ . Since S(Σ, λ) = 0 and S(A σ , λ) = S(B σ , λ), the ALI is saturated for this setup. The result of Section 3.1 now tells us that if ∂ 2 λ S(A σ , λ) is not constant in σ on any interval [ξ, η], it is not possible for ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) to be linear inλ for the same σ, except for single values of σ.
As an example for such a family of pure states we consider spinless primary excitations |λ in a CFT with large central charge c defined on a circle with radius CF T . We use the conformal dimension
to parametrize these states 10 and assume |λ to correspond to a heavy operator, i.e. ∆ λ = h λ +h λ = O(c). Moreover, we restrict our analysis to the case λ < 1 and assume the spectrum of light operators, i.e. operators with ∆ = h+h c, to be sparse. The entangling regions Σ and B σ are chosen to be the entire circle and an interval with angular size 2σ < π, respectively. Consequently, A σ = B c σ is an interval with angular size 2(π − σ) > π. The reference state corresponds to an arbitrary value λ 0 of the parameter λ.
The entanglement entropy of B σ for this setup was computed in [41] , 13) where is a UV cutoff. The second equality in (4.13) is a consequence of the fact that |λ is pure 11 and ensures that the ALI is saturated. It is easy to see that ∂ 2 λ S(B σ , λ) is not constant in σ on any interval. Therefore the result of Section 3.1 implies that there are only single values of σ where both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ = λ − λ 0 .
Analogously to the discussion regarding BTZ black holes in Section 4.3, we can actually show that ∆ H 0 (A σ , λ) is in not linear inλ for any σ with possibly one exception.
Vacuum States for CFTs on a Circle
We would like to emphasize an interesting observation regarding a family of primary states |λ for a CFT defined on a circle with radius CF T . We define the entangling intervals A σ and B σ and the parameter λ as in Section 4.4. However, we do not require the CFT to have large central charge. Furthermore, we do not assume any restrictions regarding the spectrum. The reference state is chosen to be the vacuum state, i.e. λ 0 = 0. Since |λ is a family of pure states, the ALI is saturated, as pointed out in Section 4.4.
In this section we show that our result of Section 3.1 may be used to arrange the considered families of states into three categories: families where ∂ 2 λ S(A σ , λ) and ∂ 2 λ S(B σ , λ) are constant in σ, families where the parameter λ is not continuous, such that the reference value λ 0 = 0 is separated from the other parameter values, and finally families where the first law of entanglement (1.8) does not hold. These categories are not mutually exclusive.
For the example considered in this section, it is possible to choose these three categories since both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ for all σ, as may be seen as follows. In general, the modular Hamiltonian H 0 (2ς) for the ground state of a CFT on a circle, restricted to an interval with angular size 2ς, is given by [31] H 0 (2σ) = 2π
Using the CFT result
we find from (4.14) that
and
are linear inλ. The first category of families corresponds to the case where all prerequisites of our result of Section 3.1 are satisfied. Both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ) are linear inλ for all σ, so we conclude that ∂ 2 λ S is constant in σ for both A σ and
is not constant in σ, then at least one of the prerequisites of our result of Section 3.1 is not satisfied. The examples with this property then fall into one of the other two categories introduced above.
There are two ways in which the prerequisites may be violated. One way is that the parameter λ cannot be continuously continued to λ 0 = 0, which corresponds to the second category of families. In the proof of our result in Section 3.1 we assume λ to be continuous, since we take derivatives w.r.t. λ (see e.g. (3.3) ). So if λ has a gap at λ 0 the derivative w.r.t. λ is not defined there.
The other way how the prerequisites may be violated is when the first law of entanglement does not hold. Since the conformal dimension is always non-negative, the reference value λ 0 = 0 is a boundary point of the set of allowed parameter values λ. As pointed out in Section 3.2, the first law of entanglement may not apply in this case, since the first derivative of the RE may not vanish at λ 0 = 0. However, this law is an essential ingredient in the proof of Section 3.1. This situation corresponds to the third category of families.
To conclude, we note that our result of Section 3.1 allows for a distinction of the three categories described in this section.
Discussion
In this paper we studied the modular Hamiltonian of a one-parameter family of reduced density matrices ρ A,B λ on entangling regions A and B that form entanglement plateaux, i.e. that saturate the ALI (1.11). These plateaux were considered to be stable under variations of A and B that leave Σ = AB invariant. We parametrized these variations by introducing a continuous variable σ, i.e. A → A σ , B → B σ , such that A σ 2 ⊂ A σ 1 for σ 1 < σ 2 .
Our main result is that the only way how both ∆ H 0 (A σ , λ) and ∆ H 0 (B σ , λ), as defined in (1.3), can be linear
Subsequently to discussing this result for states dual to black strings as a motivation (see Section 2), we proved it in Section 3.1 for arbitrary quantum systems using the first law of entanglement (1.8) and the monotonicity (1.13) of the RE (1.5).
As we discussed in the introduction, if ∆ H 0 is linear inλ it effectively does not contribute to the FIM (1.6). So we see that in the setup described above the FIM of A σ , B σ or both will in general contain non-trivial contributions of ∆ H 0 . Furthermore, if it is linear inλ, ∆ H 0 is completely determined by the entanglement entropy via the first law of entanglement (see (1.10) ). In the setup described above however, we find that ∆ H 0 (A σ , λ), ∆ H 0 (B σ , λ) or both will in general not have this simple form.
In Section 4 we applied the result of Section 3.1 to several prominent holographic examples of entanglement plateaux. By choosing λ to be the energy density of thermal states dual to black strings, we showed that higher-order contributions inλ are present in ∆ H 0 (A σ , λ) for A σ being the union of two sufficiently close intervals. Furthermore, we showed a similar result for thermal states dual to black branes, where λ was again chosen to be the energy density, λ 0 was set to 0 and A σ was chosen to be a spherical shell with sufficiently small inner radius σ. In these two situations, ∆ H 0 (B σ , λ) is known to be linear inλ. This allowed us to determine that ∆ H 0 (A σ , λ) must be non-linear inλ.
Moreover, we also discussed the BTZ black hole, where we chose A σ to be a sufficiently large entangling interval so that A σ and B σ = A c σ saturate the ALI. For this case we were able to use our result to show that at least one
0 , where T is the CFT temperature. A more detailed analysis of the entanglement entropy even allowed us to determine that ∆ H 0 (A σ , λ) will have higher orderλ contributions. We showed a similar result for primary excitations in a CFT on a circle with large central charge c. In this case B σ was set to be an interval with angular size 2σ < π and A σ = B c σ . The parameter λ was chosen to be the conformal dimension multiplied by c/24π.
We emphasize that even though all these examples are very different from each other, the fact that non-linear contributions inλ are to be expected for ∆ H 0 , can be traced back to the same origin, namely the saturation of the ALI. This is the only property a system is required to have in order for our result to apply. Very little is known about the explicit form of the modular Hamiltonians for the holographic examples mentioned above, so it is remarkable that they share this common property.
Note that for the holographic examples described above, the ALI was assumed to be saturated for all considered σ and λ. However, whether the ALI is saturated for a given value of λ depends on the value of σ. If σ is chosen too large the corresponding RT surfaces undergo a phase transition [31, 36, 37] that causes the ALI to be no longer saturated. Consequently, our result can only be applied to make statements for σ sufficiently small and λ sufficiently close to the reference value 12 λ 0 .
We also need to stress that the saturation of the ALI inequality for the holographic situations discussed in Section 4 is a large N effect. Bulk quantum corrections to the RT formula are expected to lead to additional contributions to entanglement entropies in such a way that the ALI is no longer saturated [42] . So strictly speaking our result can only be used to show that ∆ H 0 (A σ , λ) or ∆ H 0 (B σ , λ) is in general non-linear in the respectivẽ λ in the large N limit. By continuity, we expect this non-linearity to hold for finite N as well.
We emphasize once more that even though our result was mostly applied to examples from AdS/CFT in this paper, it is not restricted to the holographic case. We only required the monotonicity (1.13) of the RE and the first law of entanglement (1.8) -which is a direct implication of the non-negativity of the RE -to prove it. Both are known to be true for any quantum system. Therefore our result is an implication of well-established properties of the RE and holds for generic quantum systems.
The RE is a valuable object for studying modular Hamiltonians [18-20, 26, 32] and offers prominent relations between modular Hamiltonians and entanglement entropies. Our result is a further application of the RE that reveals such a relation. Unlike the first law of entanglement, which focuses on the first order contribution ofλ to ∆ H 0 , our result makes a statement about higher-order contributions inλ. The fact that the entanglement entropy plays a role for the higher-order contributions inλ is a non-trivial observation that deserves further analysis. Possible future projects could be devoted to investigating whether it is possible to find more concrete relations between entanglement entropy and higher-order λ contributions to ∆ H 0 . This will provide further progress towards understanding the properties of the modular Hamiltonian in general QFTs.
First we note that the sign of S(A σ , λ) − S(B σ , λ) does not change with σ, if (A.2) holds. For S(Σ, λ) = 0 this is obvious. If the sign would change with σ for S(Σ, λ) = 0, the continuity of σ would imply that there is a σ = σ where S(A σ , λ) = S(B σ , λ), which would lead to S(Σ, λ) = 0 and therefore contradict our assumption. So we find that the sign of S(A σ , λ) − S(B σ , λ) only changes in λ and consequently S(A σ , λ) = S(B σ , λ) ± S(Σ, λ) , (A.3)
where only λ dictates which sign in front of S(Σ, λ) has to be chosen. The next step is to distinguish the two situations S(Σ, λ 0 ) = 0 and S(Σ, λ 0 ) = 0. For S(Σ, λ 0 ) = 0 we can w.l.o.g. assume S(A σ , λ 0 ) > S(B σ , λ 0 ). This inequality also holds for a small region around λ 0 which implies instead of (3.3) for σ ∈ [ξ, η]. Just as for S(Σ, λ) = 0, the rest of the proof can be formulated in an analogous way as in Section 3.1.
